Abstract. The aim of this paper is to study the alternative spatial growth and decay behavior for the motion of a finite or semi-infinite cylinder composed of a nonhomogeneous anisotropic linear elastic material with voids, subject to null supply terms and null lateral boundary conditions. The motion induced by displacement and volume fraction field prescribed on the base is constrained to have the displacement, velocity, volume fraction and the derivative with respect to time of volume fraction at a given time proportional to their respective initial values. Neither initial data nor the asymptotic behavior at large axial distance are specified. The estimates that are either exponentially grow or decay are derived from a differential inequality depending on cross-sectional energy flux. An explicit bound, in terms of the problem data, is constructed for the amplitude in each decay estimate.
Introduction
In [9] and [3] , Nunziato and Cowin have presented a general theory of materials with voids. Previously, Goodman and Cowin [5] had developed a continuum theory of granular materials. In this theory, the bulk density is written as the product of two scalar fields, the matrix material density and the volume fraction field. In the book of Ieşan [6] , the theory of thermoelastic materials with voids is deeply investigated. Although it is the simplest extension of the classical theory of elasticity, it is worth recalling that porous materials have applications in many fields of engineering such as petroleum industry, material science, biology, etc.
In [7] , Knops and Payne studied the problem of constrained motion for elastic materials. They employed the method developed by Flavin et al. [4] for the corresponding unconstrained problem and later applied to non-cylindrical regions by Chiriţȃ and Quintanilla [2] . In this paper we will use the same method employed in [7] , but applied for elastic materials with voids. A similar problem is studied by Omeike [10] .
We consider a cylinder occupied by an anisotropic non-homogeneous compressible linear elastic material with voids, which is subject to null supply terms and null lateral boundary conditions. The internal energy density per unit of initial volume is assumed to be positive-definite and bounded and the constitutive coefficients are assumed bounded from above. The motion, induced by a time-dependent displacement and volume fraction field prescribed pointwise over the base, is constrained by the requirement that the displacement, velocity, volume fraction and the derivative with respect to time of volume fraction at a certain time are each proportional to, but not identical with, their respective initial values. Initial data are not prescribed; neither is the asymptotic behavior at large axial distance.
The problem studied in this article finds application in geology and structural engineering. In [7] we have the example of a pile driven into a rigid foundation that prevents movement of the lateral boundary. The timedependent displacement and volume fraction prescribed over the excited end constrains the motion such that the displacement, velocity, volume fraction and the derivative with respect to time of volume fraction at some given time are proportional to their unknown initial values. It is desired to predict the deformation at each cross-section of the pile in terms of the base displacement and volume fraction field.
The plan of the article is as follows: in Section 2 we introduce some notations and we present the basic formulation of the problem that we will investigate in this article. In Section 3 we define a cross-sectional energy measure which we demonstrate that satisfies a first order differential inequality. The integration of this differential inequality provides us an alternative growth and decay estimate with respect to the distance from the end of the cylinder that is charged. In Section 4, for the case of spatial decay, we obtain an explicit estimate in terms of the data on cylinder's end.
Notation and basic formulation
Consider a prismatic cylinder Ω ⊂ R 3 whose bounded uniform cross-section D ⊂ R 2 has piecewise continuously differentiable boundary ∂D.
The standard convention of summation over repeated suffixes is adopted and a subscript comma denote the spatial partial differentiation. Greek subscripts vary over {1, 2} and Latin subscripts vary over {1, 2, 3}. The Greek letter η is reserved for use as a time integration variable.
With respect to the chosen Cartesian coordinates, a partial volume of the cylinder will be denoted by
and, for semi-infinite cylinder, it is convenient to introduce the abbreviation
For the cylinder of finite length L, Ω is equivalent with Ω(0, L), while Ω and Ω(0) are equivalent for the semi-infinite cylinder. To be more explicit, we will employ the notation D(x 3 , t) to indicate that relevant quantities are to be evaluated at time t over the cross-section whose distance from the origin is x 3 . As usual, we denote by u i the displacement and by φ the volume fraction.
In this paper, we consider the theory of elastic materials with voids. The equations of this theory [3] are -the equations of motion:
-the balance of equilibrated force:
-the constitutive equations:
-the geometric equations 
and the porous dissipation coefficient τ satisfy
The displacement and volume fraction field on the base of the cylinder are pointwise prescribed, the supply terms are absent and the displacement, volume fraction, traction, or mixed given data on the lateral surface are zero. Furthermore, the prescribed displacement and volume fraction constrains the motion such that the displacement, velocity, volume fraction and the derivative with respect to time of volume fraction at a certain time T are each proportional to, but not identical with, their respective initial values. It is supposed that the data are such that classical solution exists on the
Thus, the considered problem is specified by
with the lateral boundary conditions (2.12) with conditions on the base
and the constraining conditions are
where a superposed dot denotes differentiation with respect to time, ρ is the mass density (assumed constant for convenience), J is the product of the mass density with the equilibrated inertia (also assumed constant), n is the unit outward normal on ∂D, L is the cylinder's length (if the cylinder is semi-finite we take L = ∞), f i (x α , t) and p(x α , t) are prescribed differentiable functions compatible with the lateral boundary conditions (2.6) and (2.7). The constants λ, µ and χ are prescribed and satisfy the conditions
We will use the notations ℵ = {ψ ij , χ, σ i } and Θ = {Ψ ij , Π, Σ i }. We assume that the internal energy density per unit of volume is a positive definite quadratic form. Thus, there are two positive constants c m and c M satisfying
is introduced for the compatibility of dimensions of the quantities involved in (2.18) and
The initial displacement, velocity, volume fraction and the derivative with respect to time of volume fraction are not prescribed. The conditions specified on the end D(L) for a finite cylinder, or at asymptotically large axial distance for the semi-infinite cylinder, are also not prescried.
Let E(ϱ; ζ) = 2W (ϱ) + ξζ 2 ≥ 0. By dedublation of this quadratic form we have
We can remark that E(ϱ, ϱ; ζ, ζ) = E(ϱ; ζ). By the Cauchy-Schwarz inequality, we have
A differential inequality
The aim of this section is to obtain a differential inequality for an appropriate linear combination of a pair of functions, each related to the crosssectional energy flux. In the beginning we will study some properties for that pair of functions.
The functions considered are defined respectively by
Let h be a positive constant so that h < L. From (2.5), (2.7), (2.11), (2.12), and by integration by parts, it follows that for 0 ≤ x 3 ≤ L − h we have
Consequently we have
is the internal energy density per unit of volume. We will denote differentiation with respect to the axial variable x 3 by a superscript prime. We conclude from (3.4) that
On appealing to the constraints (2.15), (2.16), we may express (3.4) as
and hence (3.7) can be written as
Consequently, from (2.7), (2.18) and the assumptions (2.17), (2.8) the equation (3.9) implies
is non-decreasing with respect to x 3 . Next, we want to obtain an appropriate estimate for the function M (x 3 ) on D(x 3 , η) . Starting from the definition (3.1), the symmetry relations (2.7), n α = 0, n 3 = 1 and applying the arithmetic-geometric mean inequality with weight ϖ > 0, we have for 0 ≤ x 3 ≤ L:
From the constitutive equations (2.5), using relations (2.19)-(2.21), we have successively:
By the virtue of (2.18) we find
and hence
where W is from (3.6) and c * M = c M + ξ. Finally, from (3.11) and (3.13), we have for 0 ≤ x 3 ≤ L:
by virtue of (3.5), where
The function N (x 3 ) may be treated similarly.
and after using the relation (3.5) we obtain
Following the same steps used in (3.11)-(3.14), we may prove that
and consequently for 0 ≤ x 3 ≤ L, we have
By employing (3.18) we obtain
and taking ϖ convenably in (3.15) so that
To obtain the differential inequality that we desire, we will take a linear combination of M (x 3 ) and N (x 3 ):
where γ is a positive constant to be chosen later. Using (3.4) and (3.17) we obtain
On appealing to the constraints (2.15) and (2.16), the above relation also can be written
Differentiation of (3.25) yields
with non-negative constant κ to be chosen later, (3.26) leads to
Consequently, from (3.5) and the condition (2.18), the inequality (3.28) implies
which means that P (x 3 ) is a non-decreasing function of
Integration of (3.28) produces the inequality
From (3.14), (3.20) and (3.28) we obtain the following estimation of the absolute value of the function P (x 3 )
where
) .
On setting
we obtain the differential inequality
In the final part of this section we will discuss the integration of (3.33).
We suppose first that P (z) ≥ 0 for a fixed z ∈ [0, L]. Because P (x 3 ) is non-decreasing with respect to x 3 , we have 0
which by integration leads to the growth estimate
In the case of the semi-infinite cylinder, from (3.35) and assuming P (x 3 ) is not identically zero, we conclude that P (x 3 ) becomes unbounded for asymptotically large values of x 3 . The relation (3.25) implies the unboundedness as x 3 → ∞ of
More precisely, the identity (3.25) and inequality (3.35) lead to the asymptotic behavior lim
with M 1 a positive bounded constant.
Observe for the semi-infinite cylinder that it is impossible for P (x 3 ) to be non-negative for any x 3 ≥ 0, because either the property (3.38) is contradicted, or the combination from (3.36) remains bounded as x 3 → ∞. Note also that the total energy is bounded (3.39)
We next suppose that P (
which, after integration, provides the alternative decay estimate
An immediate consequence of (3.41) for semi-infinite cylinder is that P (x 3 ) vanishes as x 3 → ∞, which in combination with (3.41) and (3.30) leads to the following decay estimate for the total energy
The derivation of the differential inequality (3.33) is independent of the cylinder's length so that the growth and decay estimates (3.35) and (3.41) are valid under appropriate assumptions for a cylinder of arbitrary length.
In the end of this section we will comment on the dependence upon materials parameters and the base data functions f i and p in (2.13),(2.14) of the grow and decay rate, and the amplitude −P (0) from the decay estimates (3.41) and (3.42) . From the definition (3.32), we observe that the growth and decay rate σ depends upon the material parameters but it is neither depending upon the geometry of Ω nor the cross-section D. The maximum value of the rate σ is achieved in the limit as κ → 0.
An upper bound for the amplitude −P (0)
To grow up the practical applicability of the estimates (3.41) and (3.42), we must construct an explicit upper bound depending upon the data of the problem for the amplitude −P (0). A suitable upper bound is constructed in this section expressed explicitly in terms of the prescribed base function (2.8), (2.9) and other data. We consider that the cylinder is semi-infinite and the functions f i (x α , t) and p(x α , t) are twice differentiable with respect to both space and time variables.
We introduce two smooth functions V i (x, t) and Z(x, t) that are the solutions of the auxiliary problems defined by
The Dirichlet integral of V i and Z are assumed bounded (see, e.g., Lefter [8] ) so that from the theory of harmonic functions we have the limiting behavior lim
From the definition (3.23) and conditions (4.1)-(4.4), together with integration by parts, we conclude that
Consequently, we have
Using (3.13) and Schwarz's inequality to the right-hand side of (4.6), we can write
) dxdη
on recalling (2.18), (3.5), (3.42) with x 3 = 0, where
Consequently, we have 
